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COMPLETE DECOMPOSITIONS OF 
COXETER GROUPS ORBIT PRODUCTS OF A2, C2, G2 AND H2 

AGNIESZKA TERESZKIEWICZ 



Abstract. 

Orbits of the Weyl reflection groups attached to the simple Lie groups A2, 

C2, G2 and Coxeter group H2 are considered. For each of the groups products 
5H of any two orbits are decomposed into the union of the orbits. Results are 

tn presented in a single formula for each of the groups. 

<; 
00 

r— I 1. Introduction 

Qh Finite reflections groups, caUed the Coxeter groups, split into two classes: crys- 

(— I tallographic (Weyl groups of semisimple Lie algebras) and non-crystallographic 

groups [I1I2]. 

There are n reflections that generate the Coxeter group G which act in real n 
dimensional euclidian space M". All the distinct points that can be obtained by the 
action of G on a selected single point (the 'seed' point) of M" form the Coxeter group 
orbit. Every lattice point belongs to precisely one G-orbit. The Weyl group orbits 
K^ are constituents of weight systems of finite dimensional irreducible representations 

of the algebras. Each weight system is a union of several Weyl group orbits. To 
determine these constituents for a given representation of a given simple Lie algebra, 
.^b it is a computational problem for which an efficient algorithm is known [3111] . Unlike 

the weight systems which grow without limits with increasing representations, the 

G-orbits are finite in size for a given Lie algebra. Indeed, the largest number of 

^T) distinct points ('weights') an orbit can have, is the order of the Weyl group of the 

Lie algebra. 

The points that form a given orbit are relatively easy to calculate, starting from 

any one of them, by repeated application of the reflections generating the Coxeter 

^S group G. One almost always chooses as the seed point for such a calculation the 

unique ('dominant') point of the orbit. This point is easily identified because it is 
the only one in every orbit that has non-negative coordinate in w-basis. A G-orbit 
of a Lie algebra of rank n can be viewed as an n-dimensional polytope [5] with orbit 
points as its vertices (0-dimensional faces). Faces of dimensions up to (n — 1) are 
also readily described [5|. 

Tensor products of irreducible representations of the Lie algebras are in one- 
to-one correspondence with the tensor product of the weight systems. Hence the 
decomposition of product into irreducible components leads naturally to the prob- 
lem of decomposition of tensor products of Coxeter group orbits. 

Decomposition of products of weight systems into irreducible ones is a familiar 
problem in representation theory. It is frequently calculated in terms of the products 
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2 AGNIESZKA TERESZKIEWICZ 

of weight systems. Complexity of the decom.position problem, rapidly increases 
with increasing representation that are being multiplied. The only known way 
how to provide the decomposition of all products of representations for an algebra 
of rank greater than 1, is by means of the appropriate generating function [7j. 
Unfortunately such generating function is known only for A2 . Due to frequent use in 
particle, nuclear and atomic physics, many special cases of product decompositions 
are found in the physics literature [SI IS] ■ 

Computing separately decomposition of products of Coxeter group orbits allows 
one to simplify the task of decomposing of the products of the weights systems. 

There are two computational task involved when one decomposes the product of 
weight system: 

(i) Computing the multiplicity of the Coxeter group orbits in any representation 
involved. 

(ii) Decomposing products of the individual G-orbits. This is the problem solved 
in this paper. 

The situation is quite different when one considers separately the second problem, 
namely decomposition of products of G-orbits into the union of individual orbits. 
Since the number of points in any orbit cannot exceed the order of the corresponding 
Coxeter group and it is easily determined in all cases, the decomposition problem for 
orbits is a finite one, no matter how large the dominant weights may be. Therefore 
at least, in principle, all the decompositions for a fixed group can be explicitly 
solved. For the first problem an independent algorithmic solution is known [3|l4jll0j. 
Its efficiency exceeds all needs that may arise in foreseeable future. 

In the paper the second problem, decomposition of products of two orbits, is 
solved explicitly for the three simple Lie algebras A2, C2, G2 and non-crystallographic 
group H2. The solution is presented separately for each group and the sketch prove 
for A2 is given. Demonstrations of formulaes for the others groups one could do 
analogously to the presented one. For A2 formula for the decomposition of product 
of two orbits was presented firstly in [TT] . 

There are other problems where the G-orbits are essential. Description of re- 
flection generated polytopes which in a simple version (all vertices being in one 
G-orbit) is found in |&, symmetries of Clebsch-Gordan coefficients for groups of 
rank > 2 can be formulated in terms of the G-orbits [12] . The G-orbits have been 
used in description of viruses [13] . 

Most predictable exploitation of Weyl group orbits is in extensive computations 
with representations of semisimple Lie algebras/groups such as decomposition of 
tensor products, see one of the largest examples in |14j . in branching rules compu- 
tation, i.e. restriction to representation of subgroups, [13 [16], or for the others [T7] . 
Another exploitation for Coxeter group is in Fourier expansions of digital data on 
multidimensional lattices. Particularly when a series of similar size orbits will be 
needed. 

Products of two orbit functions can be uniquely decomposed in orbit functions, 
corresponding to the same Coxeter group, using decomposition of products of two 
orbits, see [T8] . 

2. Preliminaries 

The Coxeter groups A2, G2, G2 and H2 are groups of order 6,8,12 and 10, 
respectively, generated by reflection in two mirrors intersecting under the angle 



|, ^, I and I at the origin of the real Euchdean space M . In physics these are the 
dihedral groups of order 6, 8, 12, 10, respectively. 

In order to treat all these cases in uniform way, it is advantageous to work in M^ 
with a pair of dual bases. The a-basis (simple root basis) is defined by the scalar 
products 

A2 : (ofi I ai) = (a2 I "2) = 2 , (ai | 03) = -1, 

C2 : («! I ai) = 1 , (a2 | 0:2) = 2 , (ai | 02) = -1, 

G2 : (ai I ai) = 2 , (a2 | a2) = | , ("i | "2) = -1, 

H2 : (ai I ai) = (02 | 0:2) = 2 , (ai | 02) = -r, where r = i(H- \/5). 

The w-basis is defined as dual to a-basis, 



(c^fc I «,) = ^"^^^-J,,. (1) 



Explicitly, 



A2 : wi = 30:1 + 302 , W2 = 3^1 + 3(22 , ai = 2a;i - a;2 , 0^2 = -^i + 2w; 



'2, 



2, 



(2) 



C2 : oji = ai + ^a2 , W2 = ai + 02 , 0:1= 2uji — UJ2 , 0.2 = —2uji + 2a;: 
G2 : Wi = 2ai + 3q2 , W2 = ai + 2a2 , cti = ^uji — Slu2 , a2 = ^^1 + 2aj2 
and 

H2 ■■ wi = i((4 + 2r)ai + (1 + 3r)Q;2), ai = 2a;i - rw2, 

^2 = ^((1 + 3T)ai + (4 + 2r)a2), ^2 = -rcji + 2a;2. 

In all cases the reflections ri and r2 that generate G as follows 

rfca; = X - ^^^^afe , k = 1,2, xeR^. (3) 

("fe I ctk) 

In particular, 

rfcO = 0, rkUJj = ujj - Sjkak, rkOk ^ -ak- 

An orbit of G is the set of distinct points generated from a seed point a: S M^ 
by repeated action of reflections (IS]). Such an orbit contains at most as many 
points as is the order of G. Each orbit contains precisely one point with non- 
negative coordinates in w-basis. The orbit 0(A) is specified by this point, called 
the dominant point. 

The orbits could be distinguished according to the position of their points, in 
particular of the dominant point. It is either point of the weight lattice P or not 
in M2_ 

The set of all dominants weights of P is in nonnegative sector P+ , where 

P+ = Z-°wi + Z-°W2 C P= Zui + Zuj2 C M^ 

If G stands for the non-crystallographic group H2, the role of Z is played by Z[t], 
quadratic extension of integer numbers by r, see [T9ll20j. 

The size |0(A)| of an orbit 0(A) is the number of distinct points it contains. In 
all our cases it takes three values: 

\G\ for X = {a,b) 
\0{X)\^{ i|G| for A = (a, 0) or A =(0,6) , 
1 for A = (0,0) 
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where a,b > 0. 

The product of two orbit functions of G is the set of points obtained by adding 
to every point of one orbit every point of the other orbit. Therefore the orbit sizes 
multiply, |0(A) (g> 0(A')| = |0(A)| • |0(A')|. The products decompose into the sum 
of several orbits 

0{X)(E)0{X') = 0{y)(E)0{X) = 0{X + X')U---UmO{\ + y), meN. (4) 

Here A stands for the lowest weight of the orbit 0(A). If the sum A + A' is not a 
dominant weight, it should be reflected into the dominant weight of its orbit. 

Except for the rank one of the group G, there has been no general formula for 
finding the terms in the decomposition Q. Such formulas are found below for the 
orbits of the four rank 2 groups. 

3. Decompositions of products of orbits of A2 

There is a useful general symmetry property of all orbits 0(A) of A2, where 
A = (a, b) — aijj\ + huji'- 

0{a,b)^^0{b,a), a,beU. (5) 

In most cases we are intersted in a, 5 € Z, however ^ is valid for any real a and 
b. For every point x G 0{a,b) there is the point —x £ 0{b,a). The property is a 
consequence of the outer automorphism of A2 ■ 

Another useful general hierarchy of orbits 0{a, b) of A2 with integer a and &, 
is their splitting into three mutually exclusive congruence classes according to the 
value of their congruence number K{a, b) 

K{a,b) = 2a + b (mod 3) , a,beZ. 

All points of an orbit are in the same congruence class. It is the consequence of 
the fact that difference between two points of the same orbit is an integer linear 
combination of simple root, and all simple roots are in the same congruence class, 
namely 0. During the multiplication of orbits, their congruence numbers add up. 
All orbits in the decomposition belong to that congruence class, see [l8l[2T] . 
Let a,b G T?"^ . There are four types of orbits 0{a^ b) : 

0(0,0) = {(0,0)}, 

0{a, 0) = {{a, 0), (-a, a), (0, -a)}, 0(0, b) = {(0, b), (6, -6), (-6, 0)}, 

0{a, b) — {{a, 6), (—a, a + b),{a + b, —6), (—a — 5, a), (6, —a — b), (—5, —a)}. 

For A — (oi, 02) = fliOJi + a2Uj2 and A' ~ (61, 62) — bitui + 62(^2 using duality of 
bases, see (IT]), one can get following relations: 

(A I Oj) = aj, 

for j = 1,2 and ai, 02, 61,62 G Z- (6) 

(A I aj) = bj, 

which are useful in the proposition below. 

Proposition 3.1. 

Decomposition of the product Q of two orbits of A2 with dominant weights 
X = (ai,a2) and X' — (61,62) for 01,02,61,62 G Z-*^ is given by the following 
formula 



0(A) ®0(A') (7) 

= fciO(A + A') 

Ufc2 0(|(A-A'|ai)|, (A + A'l i^i + as) - ^|(A - A' |ai)|) 
Ufc3 0((A + A' |ai + ia2)-5|(A-A'|a2)|, |(A-A'|a2)|) 
fc4 O ( (A' I ai + ias) + 5 (A | aa - ai) - 1 1 (A - A' | aa) + (A | ai) | , 

(A I iai + a2) + i(A' I ai - a2> - ^ |(A' - A I ai) + (A' | as) 1 1) 
» (|(A I ai + iaa) + |(A' | as - ai) - i|(A' - A | as) + (A' | ai)||, 

(A' I iai + aa) + ^A | ai - ^2) - 5|(A- A' | ai) + (A | a2)| ) 



Ufc4 



Ufcs O I 



(A - A' I ai + as) I - I min{(A | ai) - (A' | aa), (A' | ai) - (A | a2), 0} 
(A - A' I ai + a2)| - I min{-(A | a^) + (A' | as), -(A' | a^) + (A | a2), 0} 



Ufcg 0( 

|( 
where the multiplicities /ci , . . . , fcg are given in terms of orbits sizes by: 



, _ 1 |0(A)||0(A')| 
'^1 ~ 6 |0(A+A') 

fc2 



|0(A)||0(A')| 



|o(|(A-A'|ai)|, (A+A'|iQi+a2>-5|(A-A'|ai)|)| 

1^^ ^ 1 |0(A)||0(A')| 

^ |o(<A+A'|Qi + |Q2>-5|<A-A'|a2)|, |(A-A'|a2>|)| 

fc4 = ||0{A)||0(A')|/|0 (|(A' I ai + |a2> + |(A | aa - ai> - ||(A - A' | 02} + (A | ai>||, 

|(A| |ai+Q2> + |(A'|ai-Q2>-||(A'-A|ai> + (A' |q2>||) | 
fcs = i|0{A)||0(A')|/|0 (|(A I ai + i^a) + |(A' | "2 - ai> - i|(A' - A | 02} + (A' | ai>||, 

|(A'| iQ:i+a2> + |(A|ai-Q:2>-||(A-A' | ai) + (A | Q2> 1 1) | 
fc6 = i|0{A)||0(A')|- 

l/|o(||(A-A' |ai+a2>|-|min{(A|ai)-(A' |a2>,(A' | ai> - (A | a2>, 0}| | 

||(A - A' I ai + a2>| - I min{-(A | «i> + (A' | a2>,-(A' | ai> + (A | «2>,0}||)|. 

Sketch of the prove is given in the Appendix A. 

Note that the congruences class of each term in the decomposition ^ coincide. 
Namely the congruence class which is the sum of congruence classes of factors of 
0(ai, 02) (8 0(61, 62)- Lets illustrate this fact in an example. 



Example 1. 

0(1,2) (g) 0(3, 1) = 0(4,3) U 0(2,4) 

U 0(3, 2) U 0(5, 1) U 20(0, 2) U 20(1, 0), 
then one has 

i^(l,2) + X(3, 1) = 2 (mod 3), 



(8) 
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K{4:, 3) == K{0, 2) = K{2, 4) = K{3, 2) = X(5, 1) = K{1, 0) = 2 (mod 3). 
Orbits and decomposition of product ^ are presented in figure [I] 
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(a) The six points of the orbit 0(1,2) and 
of 0(3, 1) of A^. The straight lines are the 
reflection mirrors containing i^\ and i^^ . The 
dominant points arc indicated in the positive 
sector. Dashed lines arc the directions of the 
weight lattice axes of A^ ■ 
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(b) The six orbits of the decomposition of the 
product 0(1,2)0 0(3,1) of A2. Four of them 
are hexagons and two are triangles taken twice 
what is denoted by double dots. The straight 
lines are the reflection mirrors containing oji 
and ijJ2- The dominant points are indicated 
in the positive sector. Dashed lines are the 
directions of the weight lattice axes of A^. 



Figure 1. 



4. Decompositions of products of orbits of C2 

A useful general symmetry property of all orbits of C2: 

X e 0{a, b) ^=^ -X e 0{a, b) , a,be M" . (9) 

In most cases we are interested in a, 5 € Z, however (pi) is valid for any real a and 
b. The points ±x G 0{a, b). 

A useful general hierarchy of orbits 0{a, b) of C2 with integer a and b, is their 
splitting into two mutually exclusive congruence classes according to the value of 
their congruence number K{a,b) 

K{a, b) = a mod 2 , a, & G Z . 

All points of an orbit are in the same congruence class. It is the consequence of 
the fact that difference between two points of the same orbit is an integer linear 
combination of simple root, and all simple roots are in the congruence class 0. 
During the multiplication of orbits, their congruence numbers add up. All orbits 
in the decomposition belong to that congruence class. 

There are three kinds of nontrivial orbits for this case and could be calculated 
very easily. One can find it in for example [THl [5T] : 



0(0,0) = {(0,0)}, 

O(a,0) = {±(a,0),±(-a,a)}, 

0(0, 6) = {±(0,6), ±(25, ~6)}, 

0{a, b) = {±(a, b),±{-a, a + b),±{a + 26, -6), ±(a + 26, -a - 6)}. 

By analogy to (p| one has A = (01,02) = oiWi ± 02^2 and A' = (61,62) = 
61 wi + 62 W2 using duality of bases one can get following relations: 

(A|ai) = iai, (A'|ai) = i6i, . . ^ ^>o nm 

,, I , /^n \ u for 01,02,61,62 eZ-' (10) 

(A I a2) = 02, (A I 02) = 62, 

which are useful in the proposition below. 

Proposition 4.1. 

Decomposition of the product m of two orbits of O2 with dominant weights 
A = (01,02) and A' = (61,62) for 01,02,61,62 G Z-° is given by the following 
formula 

0(A)(g)0(A') 

=:fclO(A + A') 

Uk2 0(|(A- A' I 2ai)|, (A + A' I a^ + a^) ~ |(A - A' | ai)|) 

U k3 0((A + A' I 2ai + a2) - |(A - A' | a2)|, |(A - A' | ^2)!) 

U A:4 O (|(A + A' I 02) + (A | 2ai) - |(A' | 2ai> + (A' - A | a2)||, 

|(A + A' I ai) + (A' I ^2) - |(A' - A I ai) - (A I a2)\\) 

U/C5 0(min{(2A | ai + 02) + (A' | 2ai),|(A | 2ai) - (2A' | ai+a2)|}, 

|(A + A' I ai) + (A I a2) - |(A - A' I a,) - (A' | a2)||) ^^^^ 

UkeO (2min{|(A - A' | ai)|, |(A - A' | ai + ^2)!}, 

min{|(A-A'|a2)|,|(A-A'|2ai + a2)|}) 

U/cy 0(2min{(A + A' | q:i),|(A- A' | ai+a2)|}, 

|(A + A'|ai)-|(A'-A|ai+a2)||) 

U A:8 O (|(A + A' I 02) - |(A' - A I 2ai + a2)\\, 

min{(A + A' I ^2), |(A - A' I 2ai + 02)!}) 

where the multiplicities ki, . . . ,ks are given in terms of orbits sizes by: 
1 |0(A)||0(V)| 
8 |0(A + A')| 

1 |0(A)||0(A')| 

« |0(|(A - A' I 2ai>|, (A + A' I Qi + aa) - l(A - A' | ai>|)| 

1 |0(A)||0(V)| 

8 |0((A + A' I 2ai + 02} - |(A - A' I Q2>|, |(A - A' | a2>|)| 

fc4 = ||0(A)||0(A')|/|0 (|(A + A' I a2> + (A | 2ai> - |(A' | 2ai> + (A' - A | a2>||, 

|(A + A' I ai> + (A' I Q2> - |(A' - A I ai> - (A I a2>||) | 
fcs = ||0(A)||0{A')|/|0 (min{(2A | ai + a2> + (A' | 2ai>, |(A | 2qi> - (2A' | ai + aa)!}, 

|(A + A' I ai> + (A I 02} - |(A - A' | qi> - (A' | a2>||) I 
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fe6 = ||0(A)||0(A')| 

l/|0(2min{|(A-A' |qi>|,|(A-A' \ai + a2)\}, min{|(A-A' |a2>|,|(A-A' |2ai+a2>|})| 

|0(A)||0(A')| 



fc7 



feg 



8|0(2min{(A + A' | ai>,|(A- A' | ai + a2>|}, |(A + A' | qi) - |(A' - A | ai + a2>||) I 

1 |0(A)||0(V)| 

8 \0 (|(A + A' I a2> - |(A' - A I 2ai + a2>||, min{(A + A' | 02), |(A - A' | 2qi + 02)]}) | 



The formula ( 11 ) can be verified in tlie same way as ([7]). 

Analogously sum of congruence classes of product's factors is equal the congru- 



ence class of each term in the decomposition ( 11 ), which is easy to verify by straight 



forward calculation of congruence classes. Let illustrate this fact in an example. 
Example 2. 

0(1, 2) (» 0(3,1) 

= 0(4, 3) U 0(6, 1) U 0(4, 2) U 0(2, 4) U 0(2, 2) U 0(2, 1) U 20(0, 2) U 20(0, 1) 

(12) 
Orbits and decomposition of product (12 1 are presented in figure p] More advanced 
examples one could find in appendix B. 





(a) The eight points of the orbit 0(1,2) 
and of 0(3, 1) of C'2- The straight hnes 
are the reflection mirrors containing uji 
and 012- The dominant points are indi- 
cated in the positive sector. Dashed lines 
are the directions of the weight lattice 
axes of C2 ■ 



(b) The eight orbits of the decomposi- 
tion of the product 0(1, 2) ® 0(3, 1) of 
C2. Six of them are octagons and two 
are squares taken twice what is denoted 
by double dots. The straight lines are 
the reflection mirrors containing cji and 
UI2. The dominant points are indicated 
in the positive sector. Dashed lines are 
the directions of the weight lattice axes 
of C2. 



Figure 2. 



5. Decompositions of products of orbits of G2 



A useful general symmetry property of all orbits of G2: 

X <E 0{a,b) ■^==> — xeO(a, 6), o,5e 



(13) 



In most cases we are interested in a,b £ Z, however (13 1 is valid for any real a 
and b. The points ±x G 0{a, b). All weights are in the same congruence class. 

For this group one has also three kinds of nontrivial orbits for this case and could 
be calculated very easily. One can find it in for example [151 HI] : 

0(0,0) = {(0,0)}, 

0{a, 0) = {±(a, 0), ±(-o, 3a), ±(2a, -3a)}, 
0(0,6) = {±(0,6), ±(5, -6), ±(-6, 26),}, 
0{a, 6) = {±(a, 6), ±(-a, 3a + 6), ±(a + 6, -6), 

±(2a + 6, -3a - 6), ±(-a - 6, 3a + 26), ±(-2a - 6, 3a + 26)} . 

As before product of two orbits of G2 is written in terms of 

A = (01,02) = aibJi + a2UJ2 and A' — (61,62) = 6ia;i + 62^2 and simple roots, 

i.e.: 

(A|ai)=ai, (A'|ai)=6i, ,, ,, ^>o 

1 /xM \ U for 01,02,61,62 eZ- . 

(A I 02) = 302, (A I 02) = 362, 

Proposition 5.1. 

Decomposition of the product m of two orbits of G2 with dominant weights 
A = (01,02) and A' = (61,62) for 01,02,61,62 G Z-*^ is given by the following 
formula 

0(A) ®0(A') (14) 

= fciO(A + A') 

UA;20(|(A - A' I ai)|, f ((A + A' | ai + 2a2) - |(A - A' | ai)|)) 
Ufc30((A + A' I ai + |a2) - il(A - A' | a2)|,3|(A - A' | 02)!) 
Ufc40(min{(A|2ai+3a2) + (A' |ai),|(A-A' | ai) - 3(A' \ a2)\} , 

3min{(A|a2) + (A' | ai + 203), |(A | ai + 03) - (A' | a2)|}) 
Ufc50(min{(A|ai) + (A' | 2ai+3a2), |(A - A' | ai) + 3(A | 02)!} , 

3min{(A|ai+2a2) + (A' | 02), |(A | a2) - (A' | ai+a2)|}) 
UfcgO (min{|(A | 2ai + 3^2) - (A' | ai)|, |(A | ai) - (A' | 2ai + 3a2)|}, 

3min{(A | ai + 202) + (A' | 02), 

(A I as) + (A' I ai + 2^2), |(A - A' | ai + as)]}) 
Ufc70(min{|(A-A' |ai)|,|(A-A' | ai + 3a2)|, |(A - A' | 2ai+3a2)|}, 

3min{|(A-A'|a2)|,|(A-A' | ai + 02)!, |(A - A' | ai + 2a2)|}) 
Ufc80(min{(A + A' | ai),|(A- A' | ai + 3q;2) + (A | ai)|, 

|(A - A' I ai + 3«2) - (A' I ai)|},3min{|(A | a, + ^2) - (A' | ^2 |)|, 
|(A- A' I ai + 2a2)|, |(A | a2) - (A' | ai +a2)|}) 
Ufc90(min{|(A - A' I ai) + 3(A I a2)|, |(A - A' I 2ai + 3a2)|, 

I (A - A' I ai) - 3(A' I a2)|},3min{(A + A' | ^2), 

|(A - A' I ai + 02) + (A I a2)\, |(A - A' | ai + ^2) - (A' | 02)!}) 
UfcioO(min{(A + A' | ai) + 3(A' | 02), |(A | 2ai + 3a2) - (A' | ai)|, 

|(A- A' I ai +302) - (A' I ai)|},3min{(A | ai +03) + (A' | ^2), 
|(A - A' I ai + 2a2) + (A' | a3)|, |(A | ^2) - (A' | a^ + 2a2)|}) 
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UfciiO(min{(A | ai + 8^2) + (A' | ai), |(A - A' | 2ai + 8^2) + (A' | ai)|, 

I (A I ai) - (A' I 2ai + 3a2)|}, 3min{(A | as) + (A' | ai +^2), 

|(A - A' I ai + 2a2) - (A | a2)M(A | ai + 2^2) - (A' | a2)|}) 

Ufci20(min{(A | 2ai + Saa) + (A' | qi),|(A- A' | ai+3a2)|, 

(A|ai) + (A' I 2ai+3a2>},3min{|(A| ai + 2a2> - (A' | 02)!, 

|(A-A'|«2>-(A'|ai+a2)|}) 

where the multiplicities ki, . . . , fci2 are given in terms of orbits sizes by: 

_ , |0(A)||0(V)| 
' 12 |o(A + A')| 

^ ^i_ |0(A)||0(A')| 

' 12 ^o(\{X ~ A' I ai)|, f ((A + A' I «l + 2a2> - |(A - A' | ai>|))| 

. 1 |0(A)||0(A')| 

'=3 = 12 



|0((A + A' |ai + |Q2>- ||(A-A' | a2>|, 3|(A - A' | a2>|)| 
fc4 = j^|0(A)||0(A')|/|0 (min {(A | 2ai + 3a2> + (A' | Qi>, |(A - A' | ai> - 3(A' | a2>|} , 

3min{(A | a2> + (A' | ai + 2Q:2>,|(A | oi + 02} - (A' | Q2>|}) I 
fc5= j^|0{A)||0(A')|/|0(min{(A|ai) + (A' |2ai+3a2>, |(A-A' | ai> + 3(A | a2>|} , 

3min{(A | ai + 2a2> + (A' | a2>, |(A | 02) - (A' | oi + a2>|}) I 
fee = j^|0{A)||0(A')|/|0 (min{|(A | 2ai + 3a2> - (A' | ai>|, |(A | ai> - (A' | 2ai + 3a2>|}, 

3min{(A | qi + 2a2> + (A' | a2>,(A | 02} + (A' | ai + 2q2>, |(A - A' | qi +a2>|})| 
kr = j^|0(A)||0(A')|/|0(min{|(A - A' | ai>|, |(A - A' | ai + 3a2>|, |(A - A' | 2qi + 3a2>|}, 

3min{|(A - A' | a2>|, |(A - A' | oi + a2>|, |(A - A' | ai + 2a2>|})| 
fcg = j^|0{A)||A')|/|0{min{(A + A' | qi>, |(A - A' | ai + 3a2> + (A | ai>|, 

|(A-A' |ai+3a2>-(A'|Qi>|},3mm{|(A|ai+a2>-(A' | aa |>|, 
|(A - A' I ai + 2a2>|, |(A | 02) ~ (A' | oi + Q2)|})| 
kg= j^|0(A)||0(A')|/|0(min{|(A-A' | ai> + 3(A | 02)!, |(A - A' |2Qi+3a2>|, 
|(A- A' I ai)-3(A' I Q:2>|},3min{(A + A' | a2>, 
|(A _ A' I ai + a2> + (A | a2>|, |(A - A' | ai + 02} - (A' | a2>|})| 
fcio = j;^|0(A)||0(A')|/|0(min{(A + A' | ai> + 3(A' | 02), |(A | 2«i + 3a2> - (A' | ai>|, 
|(A- A' I ai+3a2>-(A' | ai>|}, 3mm{(A | qi + a2> + (A' | 02), 
|(A - A' I Qi + 2q2> + (A' I a2>|, |(A | 02} - (A' | ai + 2a2>|})| 
fcii = j^|0(A)||0(A')|/|0(min{(A|Qi+3a2> + (A' |ai>,|(A-A' | 2qi + 3a2> + (A' | q:i>|, 
|(A I ai>- (A' I 2ai+3Q2>|},3min{(A | 02} + (A' | ai+a2>, 
|(A - A' I ai + 2a2> - (A | a2>|, |(A | ai + 2a2> - (A' | a2>|})| 
fci2 = 3^|0(A)||0(A')|/|0(min {(A | 2ai + 3a2> + (A' | ai>, |(A - A' | ai + 3a2>|, 
(A I ai> + (A' I 2Q:i+3o2>},3min{|(A|ai + 2Q2>- (A' | a2>|, 
|(A-A'|a2>-(A'|ai+a2>|})|. 



The prove of ( 14 1 is again done by writing of existing list of all special cases 
following from it. Then each case of the list is easily verify. 
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Example 3. 



0(1, 2) (g) 0(3, 1) = 0(4, 3) U 0(5, 1) U 0(3, 4) U 0(2, 6) U 0(1, 6) 

U 0(1, 5) U 0(1, 3) U 20(0, 8) U 20(0, 6) U 20(0, 4) U 20(0, 3) U 0(1, 1), 

(15) 
Orbits and decomposition of product (151 are presented in figures] More advanced 
examples one could find in appendix C. 



,','V//'i 







M 



(a) The twelve points of the orbit 0(1,2) 
and of 0(3, 1) of G2- The straight Hnes are 
the reflection mirrors containing u)\ and u>2- 
The dominant points are indicated in the 
positive sector. Dashed hnes are the direc- 
tions of the weight lattice axes of G2- 




(b) The twelve orbits of the decomposition of 
the product 0(1,2) 0(3,1) of G2. Eight of 
them are dodecagons and four are hexagons 
taken twice what is denoted by double dots. 
The straight lines are the reflection mirrors con- 
taining uji and aj2. The dominant points are 
indicated in the positive sector. Dashed lines 
are the directions of the weight lattice axes of 
G2. 



Figure 3. 



6. Decompositions of products of orbits of H2 



Some information about Coxeter group H2 are presented in Appendix D. 
A useful general symmetry property of all orbits of H2'. 

xeO{a,b) ^=^ -xeO{b,a), a, 6 e E" . (16) 



In most cases we are interested in a, 5 G Z, however ( 16 1 is valid for any real a and b. 
skip 

For this group one has also three kinds of nontrivial orbits for this case and could be 
calculated very easily. One can find it in for example [5]: 

0(0,0) = {(0,0)}, 

0{a, 0) = {(a, 0), (-a, ar), {ar, -ar), {-ar, a), (0, -a)}, 

0(0, b) = {(0, b), {bT, -b), i-br, br), {b, -br), {-b, 0)}, 
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0{a, b) = {(a, b), (—a, b + ar), [ar + for, — b — ar), 

(— ar — br, a + 6r), (b, —a — br), (a + br, — b), 
(—a — br, ar + br), (b + ar, — ar — br), (— b — ar, a), (— b, —a)} . 

As before product of two orbits of H2 is written in terms of A = (ai, 02) = aii^i + a2UJ2 
and A' = (bi,b2) = bicui + b2UJ2 and simple roots, i.e.: 

(A \ cij) — aj, 

for j = 1,2 and ai,a2,bi,b2 G Z- . 
(A 1 Qj) =bj. 

Proposition 6.1. 

Decomposition of the product Q of two orbits of H2 with dominant weights A = (ai, a2) 
and A' — (bi, b2) /or ai, a2, bi, b2 G Z-'^ is given by the following form,ula 

0(A)®0(A') (17) 

= fciO(A + A') 

Ufe20(KA-A' I Qi)|,(A + A'| |ai+a2)-il(A-A' | ai)|) 
Ufc30(min{(A | ai) + r(A' | ai + 02), |(A — A' | ai) + r(A | 02)!}, 
min{(A | 02) + r(A | ai + a2), |(A — A | 02) — r(A | ai)|}) 
Ufc40(min{|(A I ai) — r(A |Qi + a2)|,|(A | ai) — r(A | ai + 02)]}, 
min{(A | Q2) + (A' | ai + ra2), (A' | Q2) + (A | qi + rQ2), 
|(A-A'l™i+a2)l}) 
Ufc50(|min {(A | roi + Q2) — (A' | ai), (A | ai) + (A' | Q2), 

|(A I Qi + ra2) — r(A' I Qi + 02)1}! , |rnin{(A | ai) + (A' | 02), 

(A' I ai + ra2) — (A | 02), |(A' | rai + 02) — r(A | ai + a2)|}|) 
Ufc60((A + A' I Qi + 502) - §|(A - A' I aa)!}, |(A - A' | 02)!) 
Ufc70(|min{(A' — A | ai) + r(A' | 02), (A' | ai) + r(A | ai + 02)}] , 

min{(A | 02) + r(A' | ai + 02), (A — A' | 02) + r(A | ai)}|) 
Ufc80(min{(A | air + 02) + (A | ai), (A | ai) + (A | air + 02), 
(A — a' I Qi + rQ2))|}, rnin{|(A' | 02) — r(A | ai + 02)!, 
(A I 02) - r(A' I ai + 02))]}) 
Ufc90(|niin{ — (A | ai |) + (A' | rai + Q2), (A | 02) + (A' | ai), 
(A' I Qi + rQ2) — r(A | ai + a2)|}| , 
|min {(A | ai + ra2) — (A' | 02), (A | 02) + (A' | ai), 
I (A I rai + 02) — r(A' | ai + 0,2) \]\) 
UkioO{A,B) , 

where the multiplicities k\, . . . , fcio are given in terms of orbits sizes by: 
A = |rmax{(A I 02) — (A' I Qi), (A' I 02) — (A I ai)} 

• M - sign (max{0, (A | 02) - (A' | qi), (A' | 02) - (A | ai)}) j | 
+ min{(A | 02) — (A' | ai), (A' | 02) — (A | ai),r|(A — A' | ai + 02)!} , 
B = |('(A I rai + (l + r)a2)- (A' I (l + r)ai+ra2)') 

•M — |sign (min{0,r(A — A' | ai +a2), (A' | rai + a2) — (A ] ai +ra2)}) | j 
+ (1 - jsign (min{0, (A | 02) - (A' | ai), (A' | a2) - (A | ai)}) |) 
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■ max{(A I rai + a2) — (A |ai + ra2),(A | rai + 02) — (A | ai + ra2)} 
+ ({X I (1 + r)ai + ra2) - (A' | rai + (1 + r)a2)'] 

•(1 — |sign (min{0, (A | rai + 02) — (A' | ai + ra2)}) |) 

•sign(max{0, (A' | rai + 02) — (A | ai + Ta2)})sign(min{0, t{\ — A' j qi + "2)}) 
+ max{(A I 02) — (A' | qi), (A' | 02) — (A | 01)} 

■sign(min{0, (A j 02) - (A' j ai), (A' j Q2) - (A j Qi)}) 



and 
fci 



1 |0(A)||0(V)| 
10 |0(A + A')| 

^^^^ |O(A)||O(A0| 

"'|o(|(A-A'|ai>|,(A + A'| |ai + 02} - 5|(A - A' | ai>|)| 

fc3 = j^|0(A)||0{A')|/|0(min{(A | ai) + r(A' | ai + 02), |(A - A' | ai) + t{X \ a2>|}, 

min{(A' I a2> + r(X | ai + a2>, |(A - A' | 02} - r(A' | ai>|})| 

fc4 = j^|0(A)||0{A')|/|0(mm{|(A | qi> - t(A' | ai + a2>|, |(A' | ai> - r(A | ai + a2>|}, 

min{(A I 02) + (A' | cji + ra2>, (A' | a2> + (A | ai + ra2>, |(A - X' \ rai + a2)\})\ 

ks = jij|0(A)||0(A')|/|0(|min {(A | rai + 0-2) - (A' | ai>, (A | ai> + (A' | aa), 

|(A I ai + rQ!2> - t{X' | ai + a2>|}| , |mm{(A | qi) + (A' | 02), 

(A' I ai + Ta2> - (A | 02), |(A' | rai + a2> - t{X \ ai + a2>|}|)| 

, ^i |0(A)||0(V)| 

"• i« |0((A + A' I ai + ia2> - 5I(A - A' | a2>|}, |(A - A' | a2>|)| 

k-r = 5i;|0(A)||0{A')/|0(|mm{(A' _ A | ai> + r(A' | a2>, (A' | ai> + r(A | ai + a2>}| , 

|min{(A I a2) + r(A' | oi + 02), (A - A' | 02} + r(A | qi>}|)| 

feg = jij|0(A)||0(A')|/|0(min{(A | air + Q2> + (A' | ai), (A | qi> + (A' | a^r + aa), 

|(A- A' I ai +ra2>)|},min{|(A' | 02) - r(A | ai +02)!, 

|(A|a2>-r(A'|ai+a2»|})| 

kg = jij|0(A)||0{A')|/|0(|min{-(A | ai |) + (A' | rai + 02}, (A | 02) + (A' | ai), 

|(A' I ai + raa) " t(A | ai + Q:2)|}| , |min{(A | ai + TO2) - (A' | 02), 

(A I a2> + (A' I ai>, |(A | rai + 02} - r(A' | qi + a2>|}|)| 

!.,„_ 1 | 0(A)||0(A') 
'^10 ~ 10 I \0(A,B)\ ■ 

The prove of ( |17[ ) is again done by writing of existing list of all special cases following 
from it. Then each case of the list is easily verified. 

Example 4. 

0(1, 2) (g) 0(3, 1) = 0(4, 3) U 0(2, 3 + r) U 0(2 - r, 3r - 1) U 0{t - 1, 1) 

U 0(2 + r, 1 + r) U 0(4 + r, 1) U 0(2r - 3, 3r - 2) U 0(2r - 2, 3r - 1) (18) 

UO(3r-3,2r- 1)U 20(1,0). 

Orbits and decomposition of product ( 18 1 are presented in figure El More advanced 
examples one could find in appendix D. 
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(a) The ten points of the orbit 0(1,2) and 
of 0(3,1) of H2- The straight lines are the 
reflection mirrors containing a;i and 0^2 • The 
dominant points are indicated in the positive 
sector. 




(b) The ten orbits of the decomposition of 
the product 0(1, 2) (gi 0(3,1) of H2- Nine 
of them are decagons and one is pentagon 
taken twice what is denoted by double dots. 
The straight lines are the reflection mirrors 
containing oji and UJ2- The dominant points 
are indicated in the positive sector. 



Figure 4. 



Remarks 



The orbits of Weyl groups of simple algebra are part of the weight system of irreducible 
representations. Working with the representations it can be advantageous to work with 
simple objects namely the Weyl group orbits rather then the weight systems. The group 
H2 is in the physics the dihedral group of order 10 and plays an important role in modeling 
two dimensional quasicrystals, see |22l 12311^ . 

Orbits of the group are indispensable in defining families of orthogonal functions and 
polynomials 18, 25, 26]. The discretization of the orbit functions is interesting problem 
known for the Weyl groups [57] but is not known for H2 functions and polynomials, which 
are rather promising for exploration in digital data processing. The orthogonality of orbit 
functions of group H2 has not been found yet and it is challenging problem to be solved. 

Similar problems for Hs and H4, groups could be solved by the same way. 

The orbits could be viewed as polytops. The decomposition of their product can be 
seen as an onion-like structure form by concentric orbits, [5l [13] 

The formulas ([7| , ( |11[ ) , | |14[ ) \n\ work also in the case when the orbits are points not be- 
longing to the weight latices. Their coordinates of their dominants weights are nonnegative 
real numbers. The congruence classes are lost in this case. 
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de Montreal for the hospitality extended to her during her postdoctoral fellowship and to 
MITACS and ODDA Technologies for partial support of this work. The author is also 
grateful to J. Patera for helpful comments and advice. 



15 

Appendix A 

Sketch of proof of proposition |3.1[ 

Proof. Firstly when one rewrite ([tI in terms of (Im then gets 

0(ai,a2)® 0(61,62) 

— ki 0{ai + 61, 02 + 62) ai, 02, 61, 62 G Z- 

U fe2 O (|ai — 61 1 ,02 + 62 + min{ai,6i}) 

U fca O (ai + 61 + niin{a2 , 62 } , 1 02 — 62 1 ) 

(19) 
U fe4 O (|6i + min{a2, 62 — ai}\ , |a2 + min{6i, ai — 62}!) 

U ks O (|ai + min{62, a2 — 6i}| , [62 + min{ai, 61 — 02}!) 

U fee 0(| |ai + 02 — 61 — 62I — I niin{ai — 62, 61 — 02, 0}||, 

|ai + a2 — 61 — 62I — I min{— ai +62,-61 + 02, 0}||), 

where 

I. ^ 1 |0(ni,a2)HO(fcl.fe2)l 
"-1 6 |0(ai+6i, 02+62)1 



fc2=; 



|0(ai,a2)||0(i)l,i)2)i 



0(ai.a2)|]0(i)l,i)2)l 



"■■^ 6 |0(ai+bi+min{o2,62},|a2-!'2l)l 

j^ ^ 1 |0(ai,a2)||0(bi,62)l 

6 10(|bi+min{a2,62 — «l}Ma2+min{6i ,ai— &2}l) 

j^ ^1 |0(ai,a2)||0(6l,i)2) 

^ 6 |0(|ai+min{fe2,a2— fai}|,|b2+min{ai,fei— a2}|)| 

i. _ 1 0(ai.a2)||0(ftl.ft2)l 

*^ — 6l 71 Ti T 

0(|ai+a2 — &i— b2| — I niin{ai — ^2 ,bi — a2 ,0} | ,|ai+a2— bl— fe2| — I min{ — ai +^2 . — &1 +^2 >0}| 



It is obvious that ([7| and ( 19 1 are equivalent. Now to check ( 19 1 it is enough to consider 



all special cases for ai, 02, 61, 62 G Z-". 

• First, let consider ai — 02 — bi — b2 — 0, then 

0(0, o)®o(o, 0) = |o(o, 0) u |o(o, 0) u |o(o, 0) u |o(o, 0) u |o(o, 0) u |o(o, o) 

= 0(0,0). 
Similarly, when ai , 02 7^ and 61 = 62 = 0, then 
O(ai,a2)(8)O(0,0) 

= |0(Q,i,a2)U |0(ai,a2)U |0(ai,a2)U |0(ai,a2)U |0(ai,a2)U |0(ai,a2) 
= 0(01,02). 



• Next special case which one gets from nj or equivalently from ( 19 1 for 7^ ai 7^ 
bi 7^ and 02 = 62 = following product 

O(ai,0)® 0(61,0) = iO(ai +6i,0)U |0(|ai - 6i|, min{ai, 61}) U |O(ai + 6i,0) 

U |0(|ai — 6i|, min{ai, 61}) U |0(|ai — 6i|, min{ai, 61}) 

= 0(ai + 61, 0) U 0(|ai — 6i|, min{ai, 61}) U |0(|ai — 61 1, min{ai, 61}) 

0(ai - 61,61) UO(ai + 61,0) for ai > 61 

0(-ai + 6i,ai) UO(ai +61,0) for ai < 61 

When 7^ Hi = 61 7^ and a2 = 62 = 0, then 

0(ai, 0) ® 0(61, 0) = |0(2ai, 0) U |O(0, ai) U |0(2ai, 0) U |O(0, ai) 

U |O(0,ai)U |O(0,ai) = 0(2ai, 0) U 20(0, ai) . 
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• By analogy to above one can check that for Oi , 62 7^ and 02 = 61 = the 
formula ([7| takes the form 

( 0(ai,b2)U0(ai -b2,0) for ai > 62 

O(ai,0)®O(0,62) = < 0(0, -ai+ 62) U 0(01,62) for ai < 62 . 
[ 0(ai,ai)U 30(0,0) for 01=62 

• The case 0(0,02) ® 0(0,62) is obtained by interchanging the first and second 
coordinates in each of orbits (in proofs of others propositions one has to uses 
symmetries for appropriate groups or check such case separately). 

• When one considers 01,02,61 7^ all different from each other and 62 — 0, then 
the product 0(01,02) (8) 0(6i,Q) could be simplified to the form 

0(01,02)® 0(61,0) 

— 0(oi + 61,02) U O(|oi + min{0,O2 — 6i}|,min{oi, — 02 + 61}) 

U O(|oi — 6i|, 02 + min{oi, 61}). 

Now all special cases should be considered separately, i.e.: 
o for 02 > 61 , oi > 61 one gets 

0(oi, 02) ® 0(61, = 0(oi + 61, 02) U 0(ai - 61, 02 + 61) 

U 0(01,02 - 61) ; 

o for 02 > 61 , oi < 61 one gets 

0(01,02) ® 0(61,0) = O(oi +61,02) UO(-oi + 61,01 +02) 

UO(oi,02 - 61) ; 

o for 02 < 61 , Oi > 61 one gets 

0(oi, 02) ® 0(61, 0) = 0(oi + 61, 02) U 0(oi - 61, 02 + 61) 

U 0(oi + 02 — 61, —02 + 61) ; 

o for 02 < 61 , oi < 61 and oi + 02 > 61 one gets 

0(01,02) ® 0(61,0) = 0(ai +61,02) UO(-oi +61,01 +02) 

U 0(oi + 02 — 61, —02 + 61) ; 

o for 02 < 61 , oi < 61 and oi + 02 < 61 one gets 

0(01,02) (g) 0(61,0) = 0(ai +61,02) UO(-oi +61,01 +02) 

U 0(— oi — 02 + 61, oi). 

• In the case oi = 61 7^ and 62 = one gets 

0(01, 02) ® 0(oi, 0) — 0(2oi, 02) U 0(min{oi, 02}, |oi — 02I) 

0(2oi, 02) U 20(0, oi + 02) U 0(ai, — oi + 02) for oi < 02 
0(2oi, 02) U 20(0, oi + 02) U 0(02,01 — 02) for oi > 02 

• For other special case oi = 02 = 61 7^ and 62 = one gets another subcases: 
0(oi, 01) ® 0(oi, 0) = 20(2ai, 02) U 20(0, oi + 02) U 0(oi, 0) ; 

0(01,01)® 0(oi +02,0) = 20(0,01) U 0(02,01 +02)UO(2oi +02,02) ; 

O(oi,oi)®O(2oi,0) = 2O(0,oi)uO(oi,2oi)uO(3oi,oi) ; 

0(01,02) ® 0(02,0) 

= 20(01,0) U O(oi + 02,02) U 0(|ai — 02I, 02 + min{oi,02}) 

20(oi, 0) U 0(oi — 02, 202) U 0(ai + 02, 02) for oi > 02 

2O(oi,0) U 0(— oi + 02,oi + 02) U 0(oi + 02,02) for oi < 02 
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• Because of the biggest amount of subcases the most difficult to verify is the generic 
case, when ai, a2, bi, 62 7^ 0. Below some of them are presented: 

o for — ai +62 > a2 — 6i,ai < 61 and 02 > &2, tsi + a2 > &i,ai > 62 

0(01,02) ® 0(fei,62) = 0(ai + 61, a2 + 62) U 0(ai + 02 — 61, —02 + &i + 62) 
U 0(— ai + bi, tti + a2 + b'z) U 0(— ai + 61 + 62, ai + 02 — ^2) 
U 0{ai + 61 + 62, a2 — 62) U 0(—ai — 02 + fei + &2, cii — 62) ; 
o for — oi + 62 > 02 — 61 and ai < fei, 02 > &2 and ai + a2 > 61 and ai < 62 
0(ai, 02) ® 0(foi, 62) = 0(ai + 61, a2 + 62) U 0(ai + a2 — bi, — 02 + 61 + 62) 
U 0(— ai + 61, ai + a2 + 62) U 0(— ai + bi + 62, ai + a2 — 62) 
UO(ai + fei + 62, ffl2 — 62) U 0{\a2 — &i|, — ai — 02 + 61 + 62 + min{0, 02 — &i}) ; 
o for — oi +62 > a2 — &i, ai < 61 and 02 > &2 and ai + 02 < 61 
0(ai,a2)® 0(6i,fe2) = 0(ai +bi,a2 + 62) U 0(-ai + &i,ai +02 + 62) 
U 0(— ai — a2 + 61, ai + 62) U 0(— cii + &i + ^2, ai + 02 — ^2) 
U 0(ai + bi + 62,02 — 62) U 0(|ai + 02 — 61 — 62 + I min{0,ai — fe2}|j, |ai — &2I) ; 
o for — oi + 62 > 02 — fei and ai < bi, 02 < 62 

0(01,02)® 0(61, 62) =0(ai + 61,02 + 62) UO(-ai +fei,ai +02 + 62) 
U 0(oi + 02 + 61,-02 + 62) U 0(61 + min{a2, — oi + 62}, joi + 02 — 62]) 
U 0(|oi +02 — 61 1, 62 +min{ai,— 02 + 61}) 
U 0(lai+ 02— 61— 62 + |min{0,ai— 62}!!, |ai + 02— 61— 62+ lmin{0,a2— 6i}ll) ; 
o for — oi +62 > 02 — 61, oi > 61 

0(oi, 02) ® 0(61, 62) = 0(ai + 61, 02 + 62) U 0(oi - 61, 02 + 61 + 62) 
U 0(oi + 02 — 61, —02 + 61 + 62) U 0(ai + 02 + 61,-02 + 62) 
U 0(61 + min{o2, — oi + 62}, |oi + 02 — 62I) 
U 0(|ai+ 02- 61— 62 + |min{0, oi- 62}!!, |(oi+ 02— 61 — 62+ |min{0, 02— 6i}||) ; 
o for — oi +62 < 02 — 61, 02 > 61 
0(ai, 02) ® 0(61, 62) = 0(oi + 61, 02 + 62) 

U 0(|ai — 61 1, 02 + 62 + min{oi,6i}) U 0(ai + 61 + min{ 02,62}, J02 — 62J) 
U 0(| — oi + 61 + 62I, 02 + min{6i, oi — 62}) 
U 0(oi + miri{o2 — 61, 62}, | — 02 + 61 + 62]) 
UO(| -01+621,1 -oi - 02 + 61 + 62 + I min{0, -oi +62}11). 

• In the end one could present some special cases 

0(01,01) ® 0(oi, Oi) = 

0(2oi, 2oi) U 20(0, 3oi) U 20(ai, oi) U 20(3oi, 0) U 60(0, 0) ; 
0(01,02) ® 0(02,01) = 0(ai + 02,01 + 02) 

U 0(ai, oi) U 0(02, 02) U 0(|ai — 02I, Oi + 02 + minjoi, 02}) 
U 0(oi + 02 + min{af , o2}, |ai - 02I) U 60(0, 0) . 

Some cases could be obtained from others thanks to formula Q. One can check the rest 
of degenerated cases which are not describe to check formulae to the end. 

Each of the special cases of the formulae ([7| equivalently ( 19 1 is easily verify directly. 
Hence the prove is completed. 

D 
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Appendix B 



One can prove proposition |4.1| by analogy to sketch of prove of propositior |3 . 1 1 presented 
in appendix A. 

Calculation of some product of orbits of C2 is specially effective when one uses computer 
programs as Mathematica or Maple for such calculations using functions as min, sign and 
absolute value. 

Below are presented some special cases for a, 6 > and a ^ b: 

0{a, a) (g) 0(a, a) = 0(2a, 2a) U 20(2a, a) U 20(0, a) U 20(0, 3a) 
U 20(2a, 0) U 20(4a, 0) U 80(0, 0) ; 

0{a, b) ® 0{a, b) = 0(2a, 26) U 20(0, a) U 20(0, a + 26) U 20(26, a) 
U 20(2a + 26, 0) U 20(26, 0) U 80(0, 0) ; 

0{a, 0) ® 0(6, 0) = 0{a + 6, 0) U 0(ia - 6|, 0) U 0(la - 6], min{a, 6}) ; 

0(a, 6) (g)0(6, a) = 0(a + 6, a + 6) U 0(a + 6, a) U 0(a + 6, 6) U 0(|a - 6|, min{a, 6}) 
U 0(|a — 6|, a + 6 + minja, 6}) U 0{a + 6 + min{a, 6}, |a — 6|) 
U 0{a + 6 + 2 min{a, 6}, |a - 6|) U 20(|a - 6| , 0) U 20(a + 6, 0) . 

Appendix C 

One can prove proposition |5.1| by analogy to sketch of prove of proposition [3?T] presented 
in appendix A. 



Then using formula ( 14 1 one could present special cases: 

0{a, a) ® 0{a, a) = 0(2a, 2a) U 20(a, 3a) U 20(a, a) U 20(0, 5a) 

U 20(0, 4a) U 20(3a, 0) U 20(2a, 0) U 20(0, a) U 20(a, 0) U 120(0, 0) ; 
0{a, 0) ® 0{a, 0) = 0(2a, 0) U 20(a, 0) U 20(0, 3a) U 60(0, 0) ; 
0{a, b) ® 0{a, b) = 0(2a, 26) U 20(0, 6) U 20(0, 3a + 6) U 20(0, 3a + 26) 
U 20(a, 0) U 20(a, 6) U 20(6, 3a) U 20(a + 6, 0) 
U 20(2a + 6, 0)U 120(0,0) ; 
0{a, 6) ® 0(6, a) = 0(a + 6, a + 6) U 0{a, a + 26) U 0(6, 2a + 6) 

U 0(|a- 6|,a + 6 + min{3a,36}) U 0(min{a, 26}, |a - 26]) 
U 0{a + 6 + min{a, 6}, \a - 6|) U 0(min{a, 6}, |a - 6|) 

U 0(min{2a, 6}, |6 - 2a|) U 20(0, 2a + 26) U 20(0, \a - 6j). 

Appendix D 

Non-crystallographic group H2 differ from crystallographic ones which are described 
in many papers and books in details in the opposite to the first one. Below some facts 
concerning H2, collected from [TJ [5] |l9l |20l |22l |23] , are presented. 

In the complex plane root system for H2 could be a set of 10th roots of unity 

±C' I C = e '> [ C C. 

In this paper the simple roots were chosen as ai — \/2C) '^2 ~ V^C^i then the highest root 
is ^ = rofi + ra2 (see figure pi and 

A= {±Qi,±Q2,±(qi +rQ2),±('rai + a2),±T(ai +02)} , 

where t = f (1 + \/5) = 2 cos ^, r' = |(1 — \/5) = —2 cos ^. There are solutions of the 
equation on golden ratio x^ — x — I — 0. It is easy to check that t ■ r' — —1, r + r' = 1. 
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Figure 5. The roots of group H2 and reflections ri, r2 



The Cartan matrix of H2 and inverse Cartan matrix are: 

'2{o.,\o.j)\ _ f 2 -T \ ^_i _ 1 / 4 + 2r l + 3r 



C 



^-1 ^ 1 
(qj I Qj) y \ -T 2 y' 5^1 + 3^ 4 + 2r 

The relation between the dual basis is given in terms of Cartan matrix, see (pi and it is 
presented in figure [6] 




Figure 6. Dual basis to a and /3 



After presentation of basic facts for the group H2 one could calculate some special cases 
of product of two orbits for a, 6 > and a ^h 

0{a, a) ® 0{a, a) = 0{2a, 2a) U 20(ar, ar) U 20(-a + ar, -a + ar) 

U 20(0, -a + 2ar) U 20(-a + 2ar, 0) 

U 20(2a + ar, 0) U 20(0, 2a + ar) U 100(0, 0) ; 

0{a, 0) ® 0(a, 0) = 0(2a, 0) U 20(0, ar) U 20(-a + ar, 0) ; 

0{a, 0) (g) 0(0, a) = 0(a, a) U 0{-a + ar, -a + ar) U 50(0, 0) ; 



20 AGNIESZKA TERESZKIEWICZ 

0{a, b) ® 0{a, b) = 0{2a, 2b) U 20(6r, ar) U 20(-a + ar, -6 + br) 
U 20(0, 26 + ar) U 20(2a + &r, 0) 

U 20(0, -6 + T{a + b)) U 20(-o + T{a + b), 0) 

U 2O(max{0,a- b}(-l + r),max{0, 6 - a}(-l + r)) ; 
0{a, b) ® 0(6, a) = 0(a + 6, a + 6) U 0(& - a + aT,b - a + ar) U 0{a - b + bT,a - b + br) 
U 0(|a — b\,a + b + inin{a, 6}r) U 0(a + b + minja, b}r, ja — fej) 
U 0(Tmin{a, 6} + (—1 + r) maxja, 6}, r|a — 6|) 
U 0(r|a — b\, r minja, 6} + (—1 + r) max{a, b}) 
U 0(-6 + for, -6 + br) U 0(-a + ar, -a + ar) U 100(0, 0) . 

Orbits products for H2 are the most interesting. Because of properties of r it could be 
rewrite in very different form, for example 

0{a, a) ® 0{a, a) = 0(2a, 0) U 20(0, ar) U 20( " , 0) 

and also one can calculate orbit products for not necessary integer numbers, for example 
for multiplication ofror— r' = — l + r=:^ 

0{t, 0) ® 0{t, 0) = 0(2r, 0) U 20(0, 1 + r) U 20(1, 0) ; 

0(i, 0) ® 0(i, 0) = 0(-l + r, 0) ® 0(-l + r, 0) = 0{-t' , 0) ® Oi-r' , 0) 

= O(f,0)U 20(^,0) U 20(0,1) 

= 0(-2 + 2r, 0) U 20(2 - r, 0) U 20(0, 1) 

= 0(-2r', 0) U 20(1 + r', 0) U 20(0, 1). 

This group has the biggest potential from all groups described in this paper and it is very 
good staring point to another paper. 
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